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Would you want to ride in a driverless vehicle? ﬂ(".

% OF US ADULTS

56% would NOT
take aride
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Would you want to ride in a driverless vehicle? ﬂ(".

% OF US ADULTS

56% would NOT
take aride

42% don't trust/
worried about giving
up control

44% would

take aride 30% safety concerns

9% enjoy driving

19% other/no answer

Pew Research Center, October, 2017,
“Automation in Everyday Life”
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Morris* Method of Elementary Effects

{In’c get RandomNumber ()

adapted from https://xkcd.com/221/
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Morris‘ method: elementary effects woris, 1001) —\\J(IT

©

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)

18 03-14-2022 Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



Morris‘ method: elementary effects woris, 1001) ﬂ(".

Q9

<9

v

©

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)

19 03-14-2022 Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



Morris‘ method: elementary effects woris, 1001) ﬂ(".

Q9

<9

v

& ®

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)

20 03-14-2022 Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



Morris‘ method: elementary effects woris, 1001) ﬂ(".
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Morris‘ method: elementary effects woris, 1001) ﬂ(".

A
<9
3
O S
f: Q€ R > R™
x ~ f(x)

elementary effects (for all inputs i € {1, ..., k}, k € N), offset A; e R

f(x+Ae) — f(x)

d;(x) = n
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x ~ f(x)

elementary effects (for all inputs i € {1, ..., k}, k € N), offset A; e R
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Morris‘ method: elementary effects woris, 1001) ﬂ(".

A
<9
3
O S
f: Q€ R > R™
x ~ f(x)

elementary effects (for all inputs i € {1, ..., k}, k € N), offset A; e R
f(x+Aje) — f(x) </ deterministic f, x

d;(x) = n

Y  stochastic x?
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What do elementary effects look like? -\\J(IT

Karlsruhe Institute of Technology

massume k =1, x € R to be stochastic
u calculate elementary effects d, (x;) for M = 4 samples {x;}7_,

| |

/ reminder:
\ / di(x)) = f(x; + Aer) — f(x)
| / A,
‘ /
/
/
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What do elementary effects look like? -\\J(IT

Karlsruhe Institute of Technology

massume k =1, x € R to be stochastic
u calculate elementary effects d, (x;) for M = 4 samples {x;}7_,

| |

/ reminder:
f(x; + Ae;) — f(x;)
\ dy(xy) / di(xj) — ( ] Ai) 'j
|
/) |
\ /ﬂ

X X1+ A
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What do elementary effects look like? -\\J(IT

Karlsruhe Institute of Technology

massume k =1, x € R to be stochastic
u calculate elementary effects d, (x;) for M = 4 samples {x;}7_,

| |

7[ reminder:

| s = T )1
ﬂ
/

I\
\/
X X1+ A|
X2 — A: X2
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What do elementary effects look like? ﬂ(".

massume k =1, x € R to be stochastic
u calculate elementary effects d, (x;) for M = 4 samples {x;}7_,

|

reminder:

i) = T 21

X X1+ A| X3 — A} X3
X2 — A: X2
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What do elementary effects look like?

®assume k = 1, x € R to be stochastic

KIT

Karlsruhe Institute of Technology

u calculate elementary effects d, (x;) for M = 4 samples {x;}7_,

|

\ di(x1)
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What do elementary effects look like?

®assume k = 1, x € R to be stochastic

KIT

Karlsruhe Institute of Technology

u calculate elementary effects d, (x;) for M = 4 samples {x;}7_,

|

X X1+ A| X3 — A; X3 X4 Xg + A.;
X2 — A: X2
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How can we identify relevant parameters? '-\\J(IT

® for a set { x; }]_1 of M € N samples and for all inputs i € {1, ..., k}
(Campolongo et al., 2007)
M
Z (x]) | reminder:
- di(x;) = f(xj +0ce;) — f(x))

= Ay
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® for a set { x; }]_1 of M € N samples and for all inputs i € {1, ..., k}
(Campolongo et al., 2007)
M
Z (x]) | reminder:
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j=1 Ay

|| 12; || targe?
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How can we identify relevant parameters? '-\\J(IT

® for a set { x; }]_1 of M € N samples and for all inputs i € {1, ..., k}
(Campolongo et al., 2007)
M
Z (x]) | reminder:
di(x;) = f(xj +0ce;) — f(x))

= . Ai

|| 12; || targe?

\Q

input i relevant
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® for a set { x; }]_1 of M € N samples and for all inputs i € {1, ..., k}
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M
Z (x]) | reminder:
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= . Ai

|| 12; || targe?
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How can we identify relevant parameters? '-\\J(IT

® for a set { x; }]_1 of M € N samples and for all inputs i € {1, ..., k}
(Campolongo et al., 2007)
M
Z (x]) | reminder:
di(x;) = f(xj +0ce;) — f(x))

= . Ai

|| 12; || targe?

no es

iInput i irrelevant input i relevant i
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Number of samples

® elementary effects for k = 3:

f(x)) o

03-14-2022
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reminder:

a5y = L)1)

. ildi(xm
Him = : M
j=1
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Number of samples

® elementary effects for k = 3:

F(%j)) o— f(x; + Asey)
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a5y = L)1)

. ildi(xm
Him = : M
j=1
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Number of samples

® elementary effects for k = 3:

f(x;+Azey)

f(x)) L f(x; +Are;p)
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Number of samples

® elementary effects for k = 3:

03-14-2022

f(x;+Azey)

f(x;) f(x; +A4e9)
f(x; + Azes3)
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Number of samples -ﬁ‘(“.

Karlsruhe Institute of Technology

® elementary effects for k = 3:

f(x;+Azey)

reminder:
f(x +0ce;) — f(x)
di x]' =
f(x)) f(x;j + Areq) () A,
. - i)l
f(x; + Aszes) Him = ]Zl—M

® 4 = k + 1 function evaluations per elementary effect
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Number of samples -ﬁ‘(“.

Karlsruhe Institute of Technology

® elementary effects for k = 3:

f(x;+Azey)

reminder:
f(x +0ce;) — f(x)
di x]' =
f(x)) f(x;j + Areq) () A,
. - i)l
f(x; + Aszes) Him = ]Zl—M

® 4 = k + 1 function evaluations per elementary effect
@ for M samples: M(k + 1) function evaluations
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Number of samples -ﬁ‘(“.

Karlsruhe Institute of Technology

® elementary effects for k = 3:

f(x;+Azey)

reminder:
f(x +0ce;) — f(x)
di x]' =
f(x)) f(x;j + Areq) () A,
. - i)l
f(x; + Aszes) Him = ]Zl—M

® 4 = k + 1 function evaluations per elementary effect
@ for M samples: M(k + 1) function evaluations
— curse of dimensionality ®
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Morris* Method of Elementary Effects

Sampling Strategy: Dynamic Stop Criterion

int getRnndcmNumberO
// quaranteed to be random.

adapted from https://xkcd.com/221/
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How to alleviate the curse of dimensionality? ﬂ(".

® example: automated driving

l !2! f" !:' )
(W3 o [
‘!:,A " ‘!2! :
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How to alleviate the curse of dimensionality?

m example: automated driving \Fjg;itciict’;‘ p
(4

acceleration a

KIT

Karlsruhe Institute of Technology

l !2! "
U B (P
‘!:,A 4 ‘!2! y
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How to alleviate the curse of dimensionality? ﬂ(".

m example: automated driving ~ Positionp

velocity v v other vehicles:
acceleration a position p
— velocity v
e — heading angle ¢
(=3 (>
( (m
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How to alleviate the curse of dimensionality? ﬂ(".

m example: automated driving ~ Position p

velocity v v other v_e_hicles:
acceleration a position p
—— velocity v
«—9’ — heading angle ¢
(3 (>
«» (I

® many inputs
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How to alleviate the curse of dimensionality? ﬂ(".

m example: automated driving ~ Position p

velocity v v other vehicles:
acceleration a position p
velocity v

(P /:. — heading angle ¢
(WD o (=

‘ig—i Y
)
2 ——

o

® many inputs
— curse of dimensionality = long runtime for M samples
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How to alleviate the curse of dimensionality? ﬂ(".

m example: automated driving ~ Position p

velocity v v other v_e_hicles:
acceleration a position p
— velocity v
s / heading angle ¢
() [
< s

® many inputs
— curse of dimensionality = long runtime for M samples
— Instead: choose number of samples M; for each input i separately
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Dynamic Stop Criterion

03-14-2022

Elel 102 ||I'll Mi_; Hi Ml”
=1 |”?,Mi||

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
Franziska Henze, franziska.henze@kit.edu
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reminder:

oo Lt i) 1)

M
. Z|di(xj)|
Hipy = : M
Jj=1
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Dynamic Stop Criterion
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Elel 102 ||I'll Mi_; Hi Ml”
=1 |”?,Mi||

2
Ei,Mi < Kqct
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reminder:

oo Lt i) 1)

M
. Z|di(xj)|
Hipy = : M
Jj=1
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Dynamic Stop Criterion '-\\J(IT

03-14-2022

2

10 * *
2 L 1 ”l’li,Ml’_l _ Mi,Mi”
Ei,Mi T 10 || « || 2 reminder:
=1 ”i'Mi P _ f(x +hie) = f(x))
€ty <K )= &
[,M; act y
= Z |di(x))]
M = v
es =
stop evaluating input i
(inactive)
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Dynamic Stop Criterion ﬂ(".
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10 . « 12
2 L 1 ”l’li,Ml’_l _ Mi,Mi”
: Ei,Mi T 10 || « || 2 reminder:
=1 ”l'Mi di(x;) = f(x; + 0ce;) — f(x))
2 () = A;
Ei,M i < Kact u
= Z |d;(x))]
M = v
no es =
M; + + stop evaluating input i
(inactive)
Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)

Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



54

Dynamic Stop Criterion ﬂ(".
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2

10 * *
2 1 ”I"i,Mi_l - ﬂi,Mi”
S LM T 10 ||I,l,* ||2 reminder:
=1 LM; ay(x) = T+ 8ee) ~ FCx)
€ty <K T &
[,M; act y
ey = Z|di(xj)|
no es =
M; + + stop evaluating input i

1 , (inactive)
Ez Ei,Mi < Kstop
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Dynamic Stop Criterion ﬂ(".
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10 . « 12
2 1 ”I"i,Mi_l - ﬂi,Mi”
S SLM; T 10 || « ||2 reminder:
[=1 ”l'Mi di(x;) = f(x; + 0ce;) — f(x))
2 (%) = A;
Ei,Mi < Kact u
= Z|di(xj)|
no es =
M; + + stop evaluating input i
1 , (inactive)
Ez Ei,Mi < Kstop
€S
stop Morris’ method
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Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



56

KIT

Dynamic Stop Criterion

k

)

for all active inputs i =1, ...

> 10 * * 2
2 L 1 ”I'll',Mi_l o ”LMi”
: Ei,Mi T 10 || " ||2 reminder:
=1 Him; 4o = T 080 = 1)
2 o A

Ei,Mi < Kqct

M
. |d; (x|
Kim= )~
no es JZ bl

M; + + stop evaluating input i

, (inactive)
z Ei,Mi < Kstop

no esS

&=

stop Morris’ method

03-14-2022
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KIT

Dynamic Stop Criterion

= 5 g, = i

2 . 6-2 L i ”i,Ml‘_l ”i,Mi

‘ oS LM; T 10 || " ||2 reminder:
— =1 ”i'Mi P _ f(x + D) — f(x)

[ 2 < W=
— Ei;Mi KaCt Mo
12 Him = Z| igj)l

> no es =

Q.
-i M; + + stop evaluating input i
> (inactive)
= 1 2 <., converges
@ k LM stop because of
T law of large
S no €S numbers

stop Morris' method
03-14-2022 Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)
Karlsruhe Institute of Technology (KIT)

Franziska Henze, franziska.henze@kit.edu



58

Why is the dynamic stop criterion necessary? '-\\J(IT

® Morris‘ method

03-14-2022
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reminder:

)= f(x +0ce;) — f(x)

di(xf A

1
. §|di(xj)|
I’li,Ml' - ' Mi
=1

62 _ 1 i ””;Mi—l - l‘l';?,Mi”Z
LM; — 10
ST 17

1 2
EZ €i M; < Kstop
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Why is the dynamic stop criterion necessary? '-\\J(IT

& Morris® method
— qualitative method
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reminder:

)= f(x +0ce;) — f(x)
A

d;(x;

1
. §|di(xj)|
I’li,Ml' - ' Mi
=1

62 _ 1 i ””;Mi—l - l‘l';?,Mi”Z
LM; — 10
ST 17

1 2
EZ €i M; < Kstop
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Why is the dynamic stop criterion necessary? '-\\J(IT

& Morris’ method
— qualitative method
— no exact calculation of input's influence

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
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reminder:

f(xi +Ae;) — f(x))
( ]) - AL

i (x1)|

2 _ 1 ””lM i-1 ”'lM ”
€M =10
=1 ””z,Ml”

1 2
EZ €i M; < Kstop
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Why is the dynamic stop criterion necessary? '-\\J(IT

& Morris’ method

— qualitative method

— no exact calculation of input's influence
® BUT: this is necessary for some inputs ®

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
Franziska Henze, franziska.henze@kit.edu

reminder:

a(s) = L)1)

1
. §|di(xj)|
I’li,Ml' - ' Mi
=1

2 _ ii ””;Mi—l - l‘l';?,Mi”Z

Ei,M' 2
B = S 17|

1 2
EZ €i M; < Kstop
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Why is the dynamic stop criterion necessary?

& Morris’ method

— qualitative method

— no exact calculation of input's influence
® BUT: this is necessary for some inputs ®

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
Franziska Henze, franziska.henze@kit.edu

reminder:

)= f(Xj‘l‘Aie
A

1
. §|di(xj)|
I’li,Ml' - ' Mi
=1

i) = f(x)

d;(x;

62 _ 1 i ””;Mi—l - l‘l';?,Mi”Z
LM; — 10
ST 17

1 2
EZ €i M; < Kstop

example
automated driving:
if ||pp | >€ and
UV < Vlimit
accelerate

Institute of Measurement and Control Systems (MRT)
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Why is the dynamic stop criterion necessary? '-\\J(IT

& Morris’ method reminder:
— qualitative method a(z) =1 (""”"Z)‘f —
— no exact calculation of input's influence i

® BUT: this is necessary for some inputs ® - ””lM_l_uzMi”z

® However, this is important to decide if the s 10; il
automated vehicle broke a traffic rule £ <l < ey

example
automated driving:

UV < V}imit :
accelerate

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)
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Why is the dynamic stop criterion necessary? '-\\J(IT

& Morris’ method

— qualitative method

— no exact calculation of input's influence
® BUT: this is necessary for some inputs ®

® However, this is important to decide if the
automated vehicle broke a traffic rule

— the dynamic stop criterion increases
runtime only if necessary

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
Franziska Henze, franziska.henze@kit.edu

reminder:

f(xi +Ae;) — f(x))
( ]) - AL

i (x1)|

”I’llM i-1 - l‘l';?,Mi”z
i, = m§: e

=1 ||”i,Mi”

1 2
EZ €i M; < Kstop

example
automated driving:

UV < V}imit :
accelerate

Institute of Measurement and Control Systems (MRT)
Karlsruhe Institute of Technology (KIT)



Content ﬂ(“.

Karlsruhe Institute of Technology

Morris* Method of Elementary Effects
Sampling Strategy: Dynamic Stop Criterion

Results

int getRnndcmNumberO

// quaranteed to be random.
return 4. // chosen by fair dice roll.

adapted from https://xkcd.com/221/

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)
Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



RES U ItS g-FU n Ctl O n (as in Campolongo et al., 1997)
g:[0,1]° > R,

6

x o gx) = ﬂgi(xi)
i=1
6

|4Xi — 2| + a;

J.s A 1 + ai
=1

x ~ U([0,1]%)

A Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
66 03-14-2022 Franziska Henze, franziska.henze@kit.edu

KIT

Karlsruhe Institute of Technology

reminder:
+Ae)— :
au(x) = L «Ae) f(x)
R IAED)
B = g
Jj=1 '
10 * * 2
2 _ 1 ””i:Mi—l _”i,Mi”
Ei,Mi - Ez . 2
=1 |”i,Mi”

1 2
EZ €i M; < Kstop

Institute of Measurement and Control Systems (MRT)
Karlsruhe Institute of Technology (KIT)



Results: g-Function s campoongo etal, 1997 -\\J(IT

Karlsruhe Institute of Technology

reminder:

9. [011]6 - [R, di(xj) _ f(xj + ALZ!) — f(x))

6 .
g = §|di(xj)|
x0 g =] [aitw =2
i=1
6

10 |« Y
62 _ 1 Z ”I’li,Mi_l _”i,Mi”
IMi ~ 10 . 112
_ |4xl - 2| + q; 104 [l
— ] ) 1
JinziL 1 + al EZ Eiz,Mi < Kstop
®a =0
x ~ U(0,1]% 1= relevant
® a, = 02,
as = 09,
®a, = 9,
as = 50,
ag =99 v lirrelevant
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Franziska Henze, franziska.henze@kit.edu

Karlsruhe Institute of Technology (KIT)



Results: g-Function s campoongo etal, 1997 ﬂ(".

reminder:
: 6 flxj +Ae) — f(x)
g:[01]° > R, o) = Lt )1t
ZS: T g = §|di(x,-)|
x> g(x) = l_[glocl) 3 T =2
— E E I 10 I
—_ + e, =i2””i,Mi_l_”i,Mi”
LM 2
_ |4xl 2| + a; \_u-; 2 E E == I 10 =1 ”ﬂf,Mill
- . ! = 1T 1
o 1ta e __I 72 € < Ktop
:1- -
o + T =
x ~ U(0,1]% 5 1 T |t ®a; =0, relevant
Qﬁ; L ] ®a, = 02,
g az; = 0.9
< e oo =& 00 3 3 Y
PO e as an an ok A8 0@ =9,
107° 1073 107* 1073 1072 10 ®as =50, |
global bound ko ag =99 + irrelevant
Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)
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KIT

A closer look at the number of samples

10
< S
: S|
- e
w )
= 10 e
= o)
(] 7~
N ~
- O
g

10°° 1075 10~ 10~ 1072 10~
global bound «gop

Institute of Measurement and Control Systems (MRT)
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A closer look at the number of samples ﬂ(".

.,6})

sample size M; (i € {1,..

70

103 number of samples M; for inputs i = {1, ..., 6

14 14 14
44 44 44
96 96 50
210 210 210
616 700 726

»

irrelevant

-----
8 101
8 . -
g 10 12 14 14
2
10 S 1073 43 44 44
Q
~ 00 10~* 59 76 96
O 1075 189 210 205
@ 107 563 726 681
10! | | ° %
1076 10 >107* 1073 1072 107! relevant
global bound «op
03-14-2022 Dynamic Sampling Strategy for Morris’ Method of Elementary Effects
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A closer look at the number of samples ﬂ(".

.,6})

sample size M; (i € {1,..

71

103 number of samples M; for inputs i = {1, ..., 6

: -----
8 1071
e 8 1072 12 14 14 14 14 14
10° 08 1073 43 44 44 44 44 44
3 0'e) 1074 59 76 96 50
O 1005 189 210 210 210
ot | @S o6 107® 563 681 ‘
1076 10 3107 1073 1072 107! relevant irrelevant
global bound «op
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A closer look at the number of samples ﬂ(".

.,6})

sample size M; (i € {1,..

72

ZMi ZML
6 max M;

103 number of samples M; for inputs i = {1, ..., 6}

------
@@ 101
S 1072 12 14 14 14 14 14 82 0.976
2
10 9 1073 43 44 44 44 44 44 263 0.996
Q
~ 00 10~* 59 76 96 50 473 0.821
O 107> 189 210 210 210 1234 0979
es 107 563 681 616 4012 0.921
10' | ‘ .0 ;
107 10 31074 1073 1072 107! relevant irrelevant
global bound «op
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What did we talk about
today?

“ Morris’ Method g
1 sampling-based -
= dynamic stop crit |
® reduce runtime
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Algorithm 1.1 Dynamic Stop Criterion : !(IT
Require: minimum sample size M_..., component-wise and global constants k.., K

min2 act StDp Karlsruhe Institute of Technology
Ensure: relative residuum €3, <«

M = Ksop reminder:
lculate el tary effects f 1 M < M,
calculate elementary errects 1or sampiles {ZC } min ( ) (x] + A; e) f(x])
xj) =

calculate sample means pL . for all inputs 1 E {1 .k} A

min

" GM forallie{1,...,k}

calculate residua e

i,M M
A (il € (L, kYA, > K i = Z"’;ﬂ
M; «— M, for alle{l,...,k}\‘d B l
while €3, > Ky, do Z ||,11Ml , ,ll Ml||
get new admissible sample x,, €imi = 1o
fori€.«/ do 7
calculate additional elementary effect d; for sample &, ;Z €M, < Kstop
update sample mean p; ), , and residua €2 R €3,
if €2 a1 < Ky then
o — a7\ {i}
M;«<~M+1
end if
end for
Me~—M+1
end while
Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)
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On the minimum sample number M,,;,and the \‘(IT
constants Kact, Kstop A
reminder:
® minimum number of samples M, = f("f+A"Zf)‘f("f)
® is influence detected? M
® if too small, influential inputs are easily overseen Z
@ for Central Limit Theorem: M,,;, = 30 . zllum il
. €im, = 10 . IP
® global stopping constant Koy, = o
® stabilizes characteristic quantities u*, u, o 2 o < st
® the smaller kg,p, the smaller is the change of the quantities over the last 10

iterations

® component-wise constant k4.t
® the smaller it is, the more ,unnecessary” samples are evaluated

Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)
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Relation between minimum number of samples :\!(IT
Mmln and ”* Karlsruhe Institute of Technology

2=
1=
=== P g N S R I —— g ______ g _____ 2
10 15 20 25 30 35 40 45 50
50 -
40
<30
20
10 I | | | ! | I |
10 15 20 25 30 a5 40 45 50
N
Dynamic Sampling Strategy for Morris’ Method of Elementary Effects Institute of Measurement and Control Systems (MRT)

8l 03-14-2022 Franziska Henze, franziska.henze@kit.edu Karlsruhe Institute of Technology (KIT)



