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Pew Research Center, October, 2017, 
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𝒇: Ω ⊆ ℝ𝑘 → ℝ𝑚

𝒙 ↦ 𝒇 𝒙
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Morris‘ method: elementary effects (Morris, 1991)

𝒇: Ω ⊆ ℝ𝑘 → ℝ𝑚

𝒙 ↦ 𝒇 𝒙

deterministic 𝒇, 𝒙

stochastic 𝒙?
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What do elementary effects look like?

assume 𝑘 = 1, 𝑥 ∈ ℝ to be stochastic

calculate elementary effects 𝑑1 𝑥𝑗 for 𝑀 = 4 samples {𝑥𝑗}𝑗=1
4

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖
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for a set { 𝒙𝑗}𝑗=1
𝑀 of 𝑀 ∈ ℕ samples and for all inputs 𝑖 ∈ {1, … , 𝑘}

(Campolongo et al., 2007)

𝝁𝑖,𝑀
∗ ≔ 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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How can we identify relevant parameters?

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖
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How can we identify relevant parameters?
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How to alleviate the curse of dimensionality?
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03-14-202245

How to alleviate the curse of dimensionality?

position 𝒑
velocity 𝒗
acceleration 𝒂
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example: automated driving

03-14-202246

How to alleviate the curse of dimensionality?

∀ other vehicles: 

position 𝒑
velocity 𝒗
heading angle 𝜑

position 𝒑
velocity 𝒗
acceleration 𝒂
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example: automated driving

many inputs
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How to alleviate the curse of dimensionality?

∀ other vehicles: 

position 𝒑
velocity 𝒗
heading angle 𝜑

position 𝒑
velocity 𝒗
acceleration 𝒂
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example: automated driving

many inputs

curse of dimensionality ⇒ long runtime for 𝑀 samples
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How to alleviate the curse of dimensionality?

∀ other vehicles: 

position 𝒑
velocity 𝒗
heading angle 𝜑

position 𝒑
velocity 𝒗
acceleration 𝒂
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example: automated driving

many inputs

curse of dimensionality ⇒ long runtime for 𝑀 samples

instead: choose number of samples 𝑀𝑖 for each input 𝑖 separately

03-14-202249

How to alleviate the curse of dimensionality?

∀ other vehicles: 

position 𝒑
velocity 𝒗
heading angle 𝜑

position 𝒑
velocity 𝒗
acceleration 𝒂
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𝜖𝑖,𝑀𝑖

2 ≔
1

10


𝑙=1

10
𝝁𝑖,𝑀𝑖−𝑙

∗ − 𝝁𝑖,𝑀𝑖

∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

03-14-202250

Dynamic Stop Criterion

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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∗ − 𝝁𝑖,𝑀𝑖

∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

𝜖𝑖,𝑀𝑖

2 < 𝜅𝑎𝑐𝑡

03-14-202251

Dynamic Stop Criterion

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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∗ − 𝝁𝑖,𝑀𝑖

∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

𝜖𝑖,𝑀𝑖

2 < 𝜅𝑎𝑐𝑡

03-14-202252

Dynamic Stop Criterion

yes

stop evaluating input 𝑖
(inactive)

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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𝜖𝑖,𝑀𝑖

2 < 𝜅𝑎𝑐𝑡

03-14-202253

Dynamic Stop Criterion

no yes

stop evaluating input 𝑖
(inactive)

𝑀𝑖 ++

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝

03-14-202254

Dynamic Stop Criterion

no yes

stop evaluating input 𝑖
(inactive)

𝑀𝑖 ++

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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Dynamic Stop Criterion

no yes

stop evaluating input 𝑖
(inactive)

𝑀𝑖 ++

yes

stop Morris‘ method

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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03-14-202256

Dynamic Stop Criterion

no yes

stop evaluating input 𝑖
(inactive)

fo
r

a
ll 

a
c
ti
v
e

in
p
u
ts
𝑖
=
1
,…

,𝑘

𝑀𝑖 ++

no yes

stop Morris‘ method

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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𝜖𝑖,𝑀𝑖
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∗ − 𝝁𝑖,𝑀𝑖

∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

𝜖𝑖,𝑀𝑖

2 < 𝜅𝑎𝑐𝑡

1

𝑘
𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝

03-14-202257

Dynamic Stop Criterion

no yes

stop evaluating input 𝑖
(inactive)

fo
r

a
ll 

a
c
ti
v
e

in
p
u
ts
𝑖
=
1
,…

,𝑘

𝑀𝑖 ++

no yes

converges

because of

law of large 

numbers

stop Morris‘ method

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀
∗ = 

𝑗=1

𝑀
𝒅𝑖(𝒙𝑗)

𝑀
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Morris‘ method

03-14-202258

Why is the dynamic stop criterion necessary?

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀𝑖

∗ = 

𝑗=1

𝑀𝑖
𝒅𝑖(𝒙𝑗)
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𝜖𝑖,𝑀𝑖

2 =
1
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𝑙=1

10
𝝁𝑖,𝑀𝑖−𝑙

∗ − 𝝁𝑖,𝑀𝑖

∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

1

𝑘
𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝
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Morris‘ method

qualitative method

03-14-202259

Why is the dynamic stop criterion necessary?

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀𝑖

∗ = 

𝑗=1

𝑀𝑖
𝒅𝑖(𝒙𝑗)
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𝝁𝑖,𝑀𝑖

∗ 2

1

𝑘
𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝
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Morris‘ method

qualitative method

no exact calculation of input‘s influence

03-14-202260

Why is the dynamic stop criterion necessary?

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀𝑖

∗ = 

𝑗=1

𝑀𝑖
𝒅𝑖(𝒙𝑗)

𝑀𝑖

𝜖𝑖,𝑀𝑖

2 =
1
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∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

1

𝑘
𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝
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Morris‘ method

qualitative method

no exact calculation of input‘s influence

BUT: this is necessary for some inputs 

03-14-202261

Why is the dynamic stop criterion necessary?

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀𝑖

∗ = 

𝑗=1

𝑀𝑖
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𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝
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Morris‘ method

qualitative method

no exact calculation of input‘s influence

BUT: this is necessary for some inputs 

03-14-202262

Why is the dynamic stop criterion necessary?

example

automated driving:

if 𝝁𝑣,𝑀𝑣

∗ > 𝜖 and 
𝑣 < 𝑣limit:

accelerate

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀𝑖

∗ = 
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𝑘
𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝



Dynamic Sampling Strategy for Morris’ Method of Elementary Effects

Franziska Henze, franziska.henze@kit.edu

Institute of Measurement and Control Systems (MRT)

Karlsruhe Institute of Technology (KIT)

Morris‘ method

qualitative method

no exact calculation of input‘s influence

BUT: this is necessary for some inputs 

However, this is important to decide if the

automated vehicle broke a traffic rule

03-14-202263

Why is the dynamic stop criterion necessary?

example

automated driving:

if 𝝁𝑣,𝑀𝑣

∗ > 𝜖 and 
𝑣 < 𝑣limit:

accelerate

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖
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Morris‘ method

qualitative method

no exact calculation of input‘s influence

BUT: this is necessary for some inputs 

However, this is important to decide if the

automated vehicle broke a traffic rule

the dynamic stop criterion increases

runtime only if necessary

03-14-202264

Why is the dynamic stop criterion necessary?

example

automated driving:

if 𝝁𝑣,𝑀𝑣

∗ > 𝜖 and 
𝑣 < 𝑣limit:

accelerate

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖
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1.Morris‘ Method of Elementary Effects

2.Sampling Strategy: Dynamic Stop Criterion

3.Results

Content

adapted from https://xkcd.com/221/
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𝑔: 0,1 6 → ℝ,

𝒙 ↦ 𝑔 𝒙 ≔ෑ

𝑖=1

6

𝑔𝑖 𝑥𝑖

𝒙 ∼ 𝒰( 0,1 6)

03-14-202266

Results: 𝑔-Function (as in Campolongo et al., 1997)

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)

Δ𝑖

𝝁𝑖,𝑀𝑖

∗ = 

𝑗=1

𝑀𝑖
𝒅𝑖(𝒙𝑗)

𝑀𝑖

𝜖𝑖,𝑀𝑖

2 =
1

10


𝑙=1

10
𝝁𝑖,𝑀𝑖−𝑙

∗ − 𝝁𝑖,𝑀𝑖

∗ 2

𝝁𝑖,𝑀𝑖

∗ 2

1

𝑘
𝜖𝑖,𝑀𝑖

2 < 𝜅𝑠𝑡𝑜𝑝

=ෑ

𝑖=1

6
4𝑥𝑖 − 2 + 𝑎𝑖

1 + 𝑎𝑖
,
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𝑔: 0,1 6 → ℝ,

𝒙 ↦ 𝑔 𝒙 ≔ෑ

𝑖=1

6

𝑔𝑖 𝑥𝑖

𝒙 ∼ 𝒰( 0,1 6)

03-14-202267

Results: 𝑔-Function (as in Campolongo et al., 1997)

𝑎1 = 0,
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𝑎3 = 0.9,
𝑎4 = 9,
𝑎5 = 50,
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A closer look at the number of samples
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𝜅stop number of samples 𝑀𝑖 for inputs 𝑖 = {1,… , 6} 𝑀𝑖
σ𝑀𝑖

6 max 𝑀𝑖

𝑎1 = 0 𝑎2 = 0.2 𝑎3 = 0.9 𝑎4 = 9 𝑎5 = 50 𝑎6 = 99

10−1 10 10 10 10 10 10 60 1

10−2 𝟏𝟐 14 14 14 14 14 82 0.976

10−3 𝟒𝟑 44 44 44 44 44 263 0.996

10−4 59 76 96 96 96 𝟓𝟎 473 0.821

10−5 𝟏𝟖𝟗 210 205 210 210 210 1234 0.979

10−6 𝟓𝟔𝟑 726 681 616 700 726 4012 0.921
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A closer look at the number of samples

relevant irrelevant
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What did we talk about
today?

Morris‘ Method

sampling-based

dynamic stop criterion

reduce runtime
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reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)
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minimum number of samples 𝑀min

is influence detected?

if too small, influential inputs are easily overseen

for Central Limit Theorem: 𝑀min ≥ 30

global stopping constant 𝜅stop
stabilizes characteristic quantities 𝝁∗, 𝝁, 𝝈

the smaller 𝜅stop, the smaller is the change of the quantities over the last 10
iterations

component-wise constant 𝜅act
the smaller it is, the more „unnecessary“ samples are evaluated

03-14-202280

On the minimum sample number 𝑀minand the
constants 𝜅act, 𝜅stop

reminder:

𝒅𝑖 𝒙𝑗 =
𝒇 𝒙𝑗 + Δ𝑖𝒆𝑖 − 𝒇(𝒙𝑗)
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Relation between minimum number of samples
𝑀min and 𝝁∗


