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Screening

Let y = f(x) be the scalar quantity of interest, function of D independent
random variables x = (x1,…,xD). Assume f ϵ L2.

Scope: Identify the important variables with a minimum of model runs C

How: By relying on a qualitative sensitivity indicator

Qualitative sensitivity indicator means no ranking possible

When: D is very large and number of model runs C limited
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Some Screening Methods
- Plackett-Burman design (1946, C ~ D, two levels, f additive and monotonic)

- Sequential bifurcation (1996, C<D, two levels, f monotonic, sign effect known)

- Morris Method (1991, C=rD+1, multi-level)

- Partitioning-based moment-dependent method (2006, C~hundreds, Monte 
Carlo, moment-dependent)

- Partitioning-based moment-independent methods (2013, 2015, C~thousands, 
Monte Carlo, moment-independent)

- Hilbert-Schmidt Information Criterion (2015, C~hundreds, Monte Carlo)
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Sobol’ Indices

Variance-based sensitivity indices = quantitative sensitivity indicators

Factor prioritization setting

where x~i = x/xi and with 

First-order Sobol’ index • 𝑆𝑆𝑥𝑥𝑖𝑖 = 𝑉𝑉𝑉𝑉𝑉𝑉(𝐸𝐸 𝑦𝑦 𝑥𝑥𝑖𝑖 )
𝑉𝑉𝑉𝑉𝑉𝑉 𝑦𝑦

Factor fixing settingTotal-order Sobol’ index • 𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖 = 𝐸𝐸(𝑉𝑉𝑉𝑉𝑉𝑉 𝑦𝑦 𝒙𝒙~𝒊𝒊 )
𝑉𝑉𝑉𝑉𝑉𝑉 𝑦𝑦

1 ≥ 𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖 ≥ 𝑆𝑆𝑥𝑥𝑖𝑖 ≥ 0

xi does not interact with the other variables, i.e. with x~i𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖 = 𝑆𝑆𝑥𝑥𝑖𝑖

xi interacts strongly with x~i𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖 ≫ 𝑆𝑆𝑥𝑥𝑖𝑖
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The IA-estimator

The Innovative Algorithm was introduced by Azzini & Rosati (2021) and further
studied in Azzini et al. (2021)
It relies on the following Monte Carlo estimators of first- and total-order Sobol’ 
indices:

�̂�𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼 =

2∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵𝑖𝑖 𝑦𝑦𝑛𝑛
𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛

𝐵𝐵

∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵 2
+ 𝑦𝑦𝑛𝑛

𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛
𝐵𝐵𝑖𝑖 2

�𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼 =

∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵𝑖𝑖
2

+ 𝑦𝑦𝑛𝑛
𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛

𝐵𝐵 2

∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵 2
+ 𝑦𝑦𝑛𝑛

𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛
𝐵𝐵𝑖𝑖 2

where

𝑦𝑦𝑛𝑛𝐼𝐼 = 𝑓𝑓 𝒙𝒙𝑛𝑛𝐼𝐼 = 𝑓𝑓(𝑥𝑥1,𝑛𝑛
𝐼𝐼 , 𝑥𝑥2,𝑛𝑛

𝐼𝐼 , … , 𝑥𝑥𝐷𝐷,𝑛𝑛
𝐼𝐼 )

𝑦𝑦𝑛𝑛𝐵𝐵 = 𝑓𝑓 𝒙𝒙𝑛𝑛𝐵𝐵 = 𝑓𝑓(𝑥𝑥1,𝑛𝑛
𝐵𝐵 , 𝑥𝑥2,𝑛𝑛

𝐵𝐵 , … , 𝑥𝑥𝐷𝐷,𝑛𝑛
𝐵𝐵 )

𝑦𝑦𝑛𝑛
𝐵𝐵𝑖𝑖 = 𝑓𝑓 𝒙𝒙𝑛𝑛

𝐵𝐵𝑖𝑖 = 𝑓𝑓(𝑥𝑥1,𝑛𝑛
𝐼𝐼 , … , 𝑥𝑥𝑖𝑖−1,𝑛𝑛

𝐼𝐼 , 𝑥𝑥𝑖𝑖,𝑛𝑛𝐵𝐵 , 𝑥𝑥𝑖𝑖+1,𝑛𝑛
𝐼𝐼 , … , 𝑥𝑥𝐷𝐷,𝑛𝑛

𝐼𝐼 )

𝑦𝑦𝑛𝑛
𝐼𝐼𝑖𝑖 = 𝑓𝑓 𝒙𝒙𝑛𝑛

𝐼𝐼𝑖𝑖 = 𝑓𝑓(𝑥𝑥1,𝑛𝑛
𝐵𝐵 , … , 𝑥𝑥𝑖𝑖−1,𝑛𝑛

𝐵𝐵 , 𝑥𝑥𝑖𝑖,𝑛𝑛𝐼𝐼 , 𝑥𝑥𝑖𝑖+1,𝑛𝑛
𝐵𝐵 , … , 𝑥𝑥𝐷𝐷,𝑛𝑛

𝐵𝐵 )

Computational cost to estimate                   for i=1,…,D is C=2N(D+1)𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖 , 𝑆𝑆𝑥𝑥𝑖𝑖



8

The IA-estimator

The Innovative Algorithm was introduced by Azzini & Rosati (2021) and further
studied in Azzini et al. (2021)
It relies on the following Monte Carlo estimators of first- and total-order Sobol’ 
indices:

�̂�𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼 =

2∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵𝑖𝑖 𝑦𝑦𝑛𝑛
𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛

𝐵𝐵

∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵 2
+ 𝑦𝑦𝑛𝑛

𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛
𝐵𝐵𝑖𝑖 2

�𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼 =

∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵𝑖𝑖
2

+ 𝑦𝑦𝑛𝑛
𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛

𝐵𝐵 2

∑𝑛𝑛=1𝑁𝑁 𝑦𝑦𝑛𝑛
𝐼𝐼 − 𝑦𝑦𝑛𝑛

𝐵𝐵 2
+ 𝑦𝑦𝑛𝑛

𝐼𝐼𝑖𝑖 − 𝑦𝑦𝑛𝑛
𝐵𝐵𝑖𝑖 2

The IA-estimator possesses the 
following desired properties:

�̂�𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼 + �𝑆𝑆𝑆𝑆𝑥𝑥~𝑖𝑖

𝐼𝐼𝐼𝐼 = 1

�𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼 ≥ �̂�𝑆𝑥𝑥𝑖𝑖

𝐼𝐼𝐼𝐼

iif xi does not interact with x~i
�𝑆𝑆𝑆𝑆𝑥𝑥𝑖𝑖

𝐼𝐼𝐼𝐼 = �̂�𝑆𝑥𝑥𝑖𝑖
𝐼𝐼𝐼𝐼
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Sequential Bifurcation+IA-estimator

with this DOE we can infer: �̂�𝑆𝑥𝑥1,𝑥𝑥2,𝑥𝑥3,𝑥𝑥4
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥1,𝑥𝑥2,𝑥𝑥3,𝑥𝑥4

𝐼𝐼𝐼𝐼 , �̂�𝑆𝑥𝑥5,𝑥𝑥6,𝑥𝑥7,𝑥𝑥8
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥5,𝑥𝑥6,𝑥𝑥7,𝑥𝑥8

𝐼𝐼𝐼𝐼

If one of the two subsets contains solely non-important variables, their Sobol’ 
indices must be zero. Then, split in two each subset with non-zero Sobol’ 
indices as follows:

Let D=23 and consider the following scheme (for some sample of size N)

𝒙𝒙𝑨𝑨 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼) 𝒙𝒙𝑩𝑩 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵 , 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)
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Sequential Bifurcation+IA-estimator

Let D=23 and consider the following scheme (for some sample of size N)

�̂�𝑆𝑥𝑥1,𝑥𝑥2
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥1,𝑥𝑥2

𝐼𝐼𝐼𝐼𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟒𝟒 , 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟒𝟒 ,𝒙𝒙𝑨𝑨𝟑𝟑,𝟒𝟒 , 𝒙𝒙𝑩𝑩𝟑𝟑,𝟒𝟒

�̂�𝑆𝑥𝑥7,𝑥𝑥8
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥7,𝑥𝑥8

𝐼𝐼𝐼𝐼𝒙𝒙𝑨𝑨,𝒙𝒙𝑩𝑩,𝒙𝒙𝑨𝑨𝟏𝟏,…,𝟔𝟔 ,𝒙𝒙𝑩𝑩𝟏𝟏,…,𝟔𝟔

Split again the 
groups with non-
zero Sobol’ 
indices

�̂�𝑆𝑥𝑥3,𝑥𝑥4
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥3,𝑥𝑥4

𝐼𝐼𝐼𝐼𝒙𝒙𝑨𝑨,𝒙𝒙𝑩𝑩,𝒙𝒙𝑨𝑨𝟑𝟑,𝟒𝟒 ,𝒙𝒙𝑩𝑩𝟑𝟑,𝟒𝟒

�̂�𝑆𝑥𝑥5,𝑥𝑥6
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥5,𝑥𝑥6

𝐼𝐼𝐼𝐼
𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟒𝟒 ,𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟒𝟒 , 𝒙𝒙𝑨𝑨𝟏𝟏,…,𝟔𝟔 , 𝒙𝒙𝑩𝑩𝟏𝟏,…,𝟔𝟔

𝒙𝒙𝑨𝑨 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼) 𝒙𝒙𝑩𝑩 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵 , 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟔𝟔 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐵𝐵 , 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟔𝟔 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵 , 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)
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Sequential Bifurcation+IA-estimator

Let D=23 and consider the following scheme (for some sample of size N)

𝒙𝒙𝑨𝑨 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼) 𝒙𝒙𝑩𝑩 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵 , 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟔𝟔 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐵𝐵 , 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟔𝟔 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵 , 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟏𝟏,𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵 , 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)�̂�𝑆𝑥𝑥1
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥1

𝐼𝐼𝐼𝐼

𝒙𝒙𝑨𝑨𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵 , 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)�̂�𝑆𝑥𝑥3
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥3

𝐼𝐼𝐼𝐼

𝒙𝒙𝑩𝑩𝟏𝟏,⋯𝟒𝟒,𝟔𝟔 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)𝒙𝒙𝑨𝑨𝟏𝟏,⋯𝟒𝟒,𝟔𝟔 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) �̂�𝑆𝑥𝑥5
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥5

𝐼𝐼𝐼𝐼

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟕𝟕 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟕𝟕 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵 , 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐼𝐼)�̂�𝑆𝑥𝑥7
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥7

𝐼𝐼𝐼𝐼
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Sequential Bifurcation+IA-estimator

Let D=23 and consider the following scheme (for some sample of size N)

𝒙𝒙𝑨𝑨 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼) 𝒙𝒙𝑩𝑩 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵 , 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟔𝟔 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐵𝐵 , 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟔𝟔 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵 , 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)

Computational cost (worst case): C=2ND<2N(D+1)

𝒙𝒙𝑨𝑨𝟏𝟏,𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵 , 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,𝟑𝟑,𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵 , 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)�̂�𝑆𝑥𝑥2
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥2

𝐼𝐼𝐼𝐼

𝒙𝒙𝑨𝑨𝟒𝟒 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐵𝐵 , 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟒𝟒 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)�̂�𝑆𝑥𝑥4
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥4

𝐼𝐼𝐼𝐼

𝒙𝒙𝑩𝑩𝟏𝟏,⋯𝟒𝟒,𝟔𝟔 = (𝑥𝑥1𝐵𝐵 , 𝑥𝑥2𝐵𝐵, 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐵𝐵, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐼𝐼)𝒙𝒙𝑨𝑨𝟏𝟏,⋯𝟒𝟒,𝟔𝟔 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐵𝐵) �̂�𝑆𝑥𝑥6
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥6

𝐼𝐼𝐼𝐼

𝒙𝒙𝑨𝑨𝟏𝟏,⋯,𝟕𝟕 = (𝑥𝑥1𝐼𝐼, 𝑥𝑥2𝐼𝐼, 𝑥𝑥3𝐼𝐼, 𝑥𝑥4𝐼𝐼, 𝑥𝑥5𝐼𝐼, 𝑥𝑥6𝐼𝐼, 𝑥𝑥7𝐼𝐼, 𝑥𝑥8𝐵𝐵) 𝒙𝒙𝑩𝑩𝟏𝟏,⋯,𝟕𝟕 = (𝑥𝑥1𝐵𝐵, 𝑥𝑥2𝐵𝐵 , 𝑥𝑥3𝐵𝐵, 𝑥𝑥4𝐵𝐵, 𝑥𝑥5𝐵𝐵, 𝑥𝑥6𝐵𝐵 , 𝑥𝑥7𝐵𝐵, 𝑥𝑥8𝐼𝐼)�̂�𝑆𝑥𝑥8
𝐼𝐼𝐼𝐼 , �𝑆𝑆𝑆𝑆𝑥𝑥8

𝐼𝐼𝐼𝐼
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Sequential Bifurcation+IA-estimator

Assume K out of D important variables 

So, the computational cost of SBIA ranges from: Cϵ[2N(K+log2(D/K)), 2ND]

For screening purposes, N can be chosen small, say: Nϵ[8,12]

The number of steps of SBIA ranges from: Ns=[(K+log2(D/K)), D]
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Example: The Morris function

Introduced by Morris (1991) to test screening methods, D=20, K=10

The input set is ordered such that (x1,…, x10) are the important variables, then
it would require C=2N(K+log2(D/K))=2N(10+1) function evaluations

If the input set is ordered such that (x2, x4,…, x18, x20) are the important 
variables, then C=2ND=40N

• 𝑦𝑦 = 𝛽𝛽0 + ∑𝑖𝑖=120 𝛽𝛽𝑖𝑖𝑥𝑥𝑖𝑖 + ∑𝑖𝑖<𝑗𝑗20 𝛽𝛽𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 + ∑𝑖𝑖<𝑗𝑗<𝑘𝑘20 𝛽𝛽𝑖𝑖𝑗𝑗𝑘𝑘𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 𝑥𝑥𝑘𝑘 + ∑𝑖𝑖<𝑗𝑗<𝑘𝑘<𝑙𝑙20 𝛽𝛽𝑖𝑖𝑗𝑗𝑘𝑘𝑙𝑙𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗𝑥𝑥𝑘𝑘𝑥𝑥𝑙𝑙

• with

𝛽𝛽𝑖𝑖 = 20 𝑖𝑖 = 1, … , 10
𝛽𝛽𝑖𝑖𝑗𝑗 = −15
𝛽𝛽𝑖𝑖𝑗𝑗𝑘𝑘 = −10

𝑖𝑖, 𝑗𝑗 = 1, … , 6
𝑖𝑖, 𝑗𝑗,𝑘𝑘 = 1, … , 5

𝛽𝛽𝑖𝑖𝑗𝑗𝑘𝑘𝑙𝑙 = 5 𝑖𝑖, 𝑗𝑗,𝑘𝑘, 𝑙𝑙 = 1, … , 4

• zero otherwise
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Example: The g-function

Numerical experiments show that to reduce Type I (erroneously concluding that
xi is important) and Type II (erroneously concluding that xi is not-important) 
errors, better set N ϵ [8,12]
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Example: The g-function
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Example: The g-function

Type I and Type II 
errors?
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Conclusion

MC estimators of Sobol’ indices (IA, Sobol’-Saltelli, Sobol’Jansen, Monod-
Janon,…) are computationally demanding

SBIA allows for significant reduction of the computational burden

Classical pick-freeze approaches waste model runs to estimate accurately
Sobol’ indices of non-important variables

IA-estimator = best MC estimator of Sobol’ indices (personal biased opinion)

SBIA can be used for screening purposes by choosing N small,…

but is a little tricky to implement
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Thank you for your attention

Visit our Public Webpage:
https://ec.europa.eu/knowledge4policy/modelling/topic/sensitivity-
analysis-models_en

Our functional mailbox: ec-sensitivity-analysis@ec.europa.eu

JRC is recruiting: https://recruitment.jrc.ec.europa.eu
3(+3) years CA position on SAMO for policy

Sim@b: https://web.jrc.ec.europa.eu/rapps/pub/simlab/
An online tool to perform SAMO
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